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Consider a discrete-time Markov chain ¢, ¢ > 1, assuming the N values 0 ,1— %

Let
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with qEN) =1- pl(-N> . Set Dy for the stationary distribution of the chain, assuming that
it exists.
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Assume that there is a continuous in [0, 1] function ®(z) such that

sup | Py (z) — @(x) |= o =).
z€[0,1] l N N



Set ®* = min ¢ P(z) and X* = {z € [0,1] : ®(x) = ®*}. The set X* is supposed to
have a finite number of connected components. Then all weak limit points of Dy belong
to X* as N — oo.

To characterize the limits, assume that

®(x) = " + 9;j(x —a;) in a neighborhood of a;
and
®(z) = ©* + ¥;(min[r — b;, max(0,z — ¢;)]) in a neighborhood of [b;, ¢;].

Here a; € X* and [bj,¢;] € X*. 9;(0) = ¥;(0) = 0, these growth functions decrease for
negative values of the argument and they increase for positive values of the argument.



Let all I components of X* be sigleton and let for every i there be pairs ’y;r > 2, ozi+ and
v; = 2, a; such that

i (u) ~ ot for u >0 and ;(u) ~ a; (—u)Y for u < 0.
1 7

Then the limit distribution of Dy concentrates on the components with the largest v(i) =

max(v;",7;). If v(s) = max;er v(i), then the probability assigned to as is proportional to

D(1/7(s))
A()a(s)

Here
af forvf >y,
ag for vy >~F

F(Z):/Oooexp(—x)zzfldx and a(s):{



When every (i) equals to 2, the probability assigned to as becomes
1/vVad +1/vVas
; —
Zi:l(l/\/ O‘ZL + 1/\/ ;)

If there are intervals along with singletons among the connected components of X*,
then the limit of Dy concentrates only of the intervals. The corresponding distribution
has a density with respect to the Lebesgue measure.
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The study was motivated by the following approach widely used in sociology, economics
and population biology.
Set Ak = i — ¢4, then

BAC | ¢ = ) = 10 — o) and BAGH? | ¢k = 1] = 320 +4™).

When pY ~ f() for some continuous function f (then ¢)¥ ~ 1 — f(+)), it is intuitive to
try to relate the limit properties of the process in hands with asymptotic behavior of the
following ordinary differential equation

dx



The equilibria of the ODE obtain from the equation 2f(z) = 1. The Gibbs potential ®(x)

in this case reads -
O(x) = / In LZ)dz
Jo 1—f(2)
and its global minimum points satisfy the equation In 7 f Sf&) = 0 or, again, 2f(z) = 1.
This is a subset of the set of locally asymptotically stable equilibria. In other words, the
intuition is misleading in this case.




